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Subgrid-Scale Models for Large-Eddy Simulations
of Compressible Wall Bounded Flows
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A comparativeassessment of six subgrid-scalemodels is presented in the case of a compressibleplanechannel � ow
over isothermal walls, four of which are based on the recent mixed-scale model. A supersonic and a subsonic case in
temporal development at Mach 1.5 and 0.5, respectively, are considered for a Reynolds number equal to 3000, with
comparisonto the direct numerical simulations(DNS) of Colemanet al. ( Coleman,G. N., Kim, J., and Moser, R. D.,
“A Numerical Study of Turbulent Supersonic Isothermal-Wall Channel Flow,” Journal of Fluid Mechanics, Vol.
305, 1995, pp. 159–183) in the � rst case, and the incompressible DNS of Kim et al. (Kim, J., Moin, P., and Moser, R.,
“Turbulence Statistics in Fully Developed Channel Flow at Low Reynolds Number,” Journal of Fluid Mechanics,
Vol. 177, 1987, pp. 133–166) in the second case. For each Mach number, two grids are considered, with about 20
and 5 times less grid points as in the reference DNS, and the results are globally satisfactory, althoughnot excellent.
In particular, the wall friction is globally underestimated by about 10%, both in the subsonic and the supersonic
cases. Among the models tested are several original combinations, which vanish at the wall without requiring any
damping function. They are found to improve signi� cantly upon the statistics, in particular near the wall.

I. Introduction

D IRECT numerical simulation (DNS) of turbulent � ows at
Reynolds numbers encountered in industrial problems is still

almost unaffordable because of the large number of scales to be
resolved. During the last decades, considerable progress has been
made in the use of large-eddy simulation (LES) of turbulent � ows,
in particularwall-bounded� ows. In the LES approach,it is assumed
that, when the grid is suffciently re� ned, the effect of subgrid-scale
(SGS) turbulence on the large scales can be accounted for through
models depending only on large-scale quantities, yielding a closed
system for these. This system is formally close to the full unsteady
Navier–Stokes equations,and can be solvedexplicitlywith the same
numerical methods as in DNS.

SGS modeling for incompressible � ows has been addressed in a
large number of studies and a wide range of applications has been
investigated(see Refs. 1 and 2 for a review), with quite satisfactory
results. For wall-bounded � ows, one of the key issues is the ability
of SGS models to vanish at the wall.

For compressiblewall-bounded� ows, extensiveexperimentalin-
vestigations reviewed by Morkovin3 and Bradshaw4 showed that,
for a Mach number up to 5 and in the absenceof massive heat trans-
fer at the wall, small-scale turbulent � uctuationswere little affected
by compressibility.This statement, often referred to as Morkovin’s
hypothesisin literature,justi� es the straightforwardextensionof the
LES approach to compressible � ows, with the so-called variable-
density extension of the SGS models developed in the incompress-
ible context. Additional closure problems nevertheless arise, and
are still widely open. As a matter of fact, only a few attempts are
reported in the literature; let us mention the LES of boundary layers
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at Mach number M between 0.5 and 5 of Normand and Lesieur5

and Ducros et al.,6,7 the LES of subsonic (M =0.3 and 0.7) plane
channel � ows of Ridder and Beddini,8 the axisymmetric boundary
layers at M =4.5 of El Hady et al.,9 and the supersonic ramp � ows
of Comte and David10 and David.11

The motivation of the present work is to assess the variable-
density extension of several SGS models developed at ONERA.
For this purpose,detailedcomparisonsof turbulentstatisticsagainst
recent high-quality DNS data at the largest Reynolds number pos-
sible are required. The temporal, i.e., streamwise periodic, cool-
wall channel-�ow DNS of Coleman et al.12 and Huang et al.13 at
M =1.5 and Re =3000 have been retained, in particular because
of the precision of methods used (spectral Fourier–Legendre space
differentiation and third-order time integration). These Mach and
Reynolds numbers are based on the parameters of the problem,
namely, the channel’s half height h, the wall temperature Tw , the
bulk, i.e., averaged over the whole domain, velocity ub = h q u i / q b

and density q b = h q i , which are constants of the problem. Another
issue is the ability of the compressible LES treatment to recover
incompressible results, despite the decreasing effciency of most
compressible numerical schemes for low Mach numbers. Results
at M =0.5 (and still Re =3000) will therefore be presented brie� y,
with tentative comparison with incompressibleDNS results of Kim
et al.14 (at Re =2790) andexperimentaldata ofNiederschulteet al.15

(at Re =2777) and Kreplin and Eckelmann16 (at Re =3850). An-
other motivation for low Mach number investigationsis to evaluate
theconsequencesof possibleshortcomingsin theclosureof thecom-
pressible equations,which will be helpful to de� ne future strategies
of improvement.

The present paper is organizedas follows: Sec. II recalls the gov-
erning LES equations and their closure, in the footsteps of Vreman
et al.17 (see also Refs. 18 and 19 for additional details). The six
SGS models under investigations are brie� y presented in Sec. III,
and submitted to a priori tests in Sec. IV. The numerical method
used for the LES is described in Sec. V. The results are given in
Sec. VI, on two different grids for each Mach number. Their reso-
lutions are near direct in the direction normal to the wall, i.e., with
min( D +

z ) =1, to avoid entering the current debate about � lter com-
mutation and boundary conditions. In the homogeneous directions,
the two levelsof resolutionsare ( D +

x , D +
z ) » (30, 15) and » (60, 30)
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for the � ne and coarse grids, respectively. Only the � ne grids meet
the LES-reliability requirements proposed in Refs. 20 and 21. In
all cases, simulations without a SGS diverge in all cases, despite
that the numerical code is conservative. (Kinetic energy remains
bounded but this does not prevent small-scale gradients from piling
up.)Thus,althoughtheeddy-viscositybroughtaboutby thedifferent
SGS models turns out to be smaller than the molecular viscosity in
all cases, the contributionof these models is neverthelessnecessary.
The comparisons with respect to the DNS results of Refs. 12 and
14 are performed on the grounds of the different pro� les of simple
� rst- and second-orderstatistics shown in these references,without
any attempt to � lter the DNS data onto our grids or defalter our
LES data. Indeed, this would require the precise knowledge of the
effective � lter of the present simulations,which we do not have. We
are, of course, aware of the bias introduced by the unresolved � uc-
tuations in such straightforwardcomparisons.In the light of Ref. 22
extended to compressible� ows, these comparisonsare nevertheless
expected to be fully relevant for the � rst-order statistics, including
the mean temperature pro� les, whose acceptableprediction in LES
is dif� cult.

II. Mathematical Model
The compressible Navier–Stokes equations for an ideal gas of

constant R and speci� c heat ratio c , read, once nondimensionalized
with q b , ub , Tw , and h, in the following quasi-conservationform:
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+
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@x j
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with the total energy, temperature, molecular viscosity, heat � ux,
and strain-rate and stress tensors, respectively, de� ned as

E = p / ( c ¡ 1) + 1
2
q u j u j (4)
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0 ( p / q ) (5)

l (T ) = T 0.7 (6)

as in Ref. 23,
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r i j = [l (T ) / Re]Si j (9)

Summation is applied over repeated indices. Scalar f1(t ) is a forc-
ing term, detailed in Sec. V.B, that ensures constant mass � ow
rate. The Reynolds, Mach, and Prandtl numbers are Re = q bubh /
l (Tw ), M0 =

p
(u2

b / c RTw ), and Pr =0.7.
The LES equationssolved in the presentstudyare obtainedout of

the preceding system thanks to the procedureproposed by Vreman
et al.17,18 or Vreman.19 As per usual, the projection onto the grid,
of local size D (de� ned more rigorously in Sec. III), is assimilated
to a low-pass � lter (box � lter). It commutes with time and space
derivatives, accurately in time and along x and y, and only up to a
second order in the direction z (normal to the wall) in the case of
a stretched grid. The � ltered variables are denoted with an overbar.
After � ltering, the system is made more legible by the introduc-
tion of density-weightedvariables ˜u = q u / ¯q . The originalityof the
Vreman’s approach is that the � ltered system is recast in such a
way that only computablequantitiesarise in the left-handside. This
implies the substitution of the � ltered energy equation by the exact
transport equation of the computable energy:

Ê = p̄ / ( c ¡ 1) + 1
2 ¯q ũ j ũ j (10)

In the same way, the computablestress tensorand heat � ux are intro-
duced:

ˆr i j = [l (T̃ ) / Re]S̃i j (11)

q̂ j =
¡ l (T̃ )

( c ¡ 1)RePrM 2
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The exact � ltered system reads
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@p̄

@xi
¡

@ˆr i j

@x j

+ f1 d i1 = A1 + A2 (14)

@Ê
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+ f1 ũ1 = ¡ B1 ¡ B2 ¡ B3 + B4 + B5 + B6 ¡ B7 (15)

T̃ = c M2
0 ( p̄/ ¯q ) (16)

Once the subgrid-stress tensor

s i j = ¡ ¯q ( gu i u j ¡ ũ i ũ j ) (17)

is introduced, the subgrid terms A1, A2 , B1 ¢ ¢ ¢ B7 read
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Terms B1 and B2 represent the SGS heat � ux and pressure-
dilatation, respectively.

III. Closure and SGS Modeling
On the grounds of a priori tests in the case of temporally growing

mixing layers of convective Mach numbers Mc up to 1.2, Refs. 18
and 19 suggest that terms A2, B6 , and B7 can be neglected and that
B1 + B2 can bemodeledas a whole with the aidof a variable-density
eddy-diffusivitycoef� cient m t , and a turbulent Prandtl number Prt ,
associated to the gradient of T̃ :

B1 + B2 = ¡
@

@x j

³
¯q m t

( c ¡ 1)Prt M 2
0

@T̃

@x j

´
(23)

In fact, as kindly pointed out by a referee, the pressure-dilatation
term B2 is usually neglected in LES of compressible � ows. Equa-
tion (23) thus amounts, in practice, to the modeling of the SGS
heat � ux B1 by a gradient-transport model. Surprisingly, even at
Reynolds numbers large enough not to affect the dominant instabil-
ities of the � ow signi� cantly (Re =200 in Ref. 18), the contribution
of the viscous term B5 is found to be rather large, and explicit mod-
eling of it is recommended. Terms B3 and B4 are also found to be
important, and it is preferred to parameterize them, with the aid of
the model for s i j required for A1, rather than to neglect them.

These conclusions are certainly not speci� c to low-Reynolds-
number mixing layers. In particular, they should also apply to
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shearedhomogeneousturbulence,24 forwhich thedominantinstabil-
ities because of the shear are only weakly affected by compressibil-
ity, in contrastwith the Kelvin–Helmholtz-typeinstabilities in mix-
ing layers. Indeed, these instabilities yield the formation of stream-
wise vortices analogous to those encountered in turbulent Couette
� ow and channel � ow.

In the presentcase, the DNS resultsof Coleman et al.12 and Huang
et al.13 justify the applicationof the precedingguidelines to channel
� ow, all the more as the walls are cool. Indeed,Morkovin’s hypoth-
esis is globally veri� ed up to M0 =3, in the sense that compress-
iblity effects, although quite visible on the mean quantities, affect
turbulent � uctuations little. In particular, turbulent Mach numbers
are generally lower than about 0.3. Moreover, the pressure–velocity
correlations remain small (even at M0 =3), which should bolster
the approximation [Eq. (23)]. This will, however, be disproved by
the a priori tests presented in Sec. IV.

Not all SGS models used in this work are eddy-viscositymodels;
hybrid models for s i j combining eddy-viscosity and Bardina-type
contributionsare also considered.In this case, the Bardina-typecon-
tribution(which can yieldnegativeSGS energyand causenumerical
instability, depending on the type of � lter used and the amount of
grid stretching in the z direction) is neglected in the modeling of all
SGS terms that arise in the energy equation (15), except, of course,
B3 and B4 , which have to be consistentwith A1. Following Ghosal25

andHoriuti,26 Vremanproposedto model the low-Reynolds-number
term B5 in the form

B5 = C e ¯q
¡

1
2
s `̀

¢ 3
2 ê D (24)

in which the (uncomputable) generalized SGS kinetic energy 1
2
s `̀

is evaluated, thanks to the eddy-viscosity m t introduced before, as
1
2
s `̀ = m 2

t
ê D 2 (25)

Assuming that the total amount of SGS energy is independent of
time (see Ref. 18 for details), C² is determined dynamically. This
yields
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where the quantities B1 + B2 , B3 and B4 are evaluated.
In the present paper, the grid stretching is rather large, and

Deardorff’s determination for D , namely, the geometric mean be-
tween the mesh sizes in the three directions, requires the correction
proposed by Scotti et al.,27 which reads

D = ( D x1 D x2 D x3)
1
3 cosh

q
4
27

£
( a1)2 ¡ a1 a2 + ( a2)2

¤

(27)
where a1 and a2 are the two smallest aspect ratios D xi / D x j .

A. Mixed-Scale Model
Closure will be completed when a model for the SGS tensor s i j

is chosen. Variable-densityeddy-viscositymodels, i.e., models that
assume proportionality between the deviatoric parts of s i j and Si j ,
are considered � rst. The most classical of these variable-density
models, due to Smagorinsky (S) (Ref. 28), reads

m t = (Cs D )2 j S(ũ) j (28)

where j S(ũ) j =
p

[Si j (ũ)Si j (ũ) /2] (second invariantof Si j ). The pa-
rameterCs is theoreticallyfound to be equal to 0.18 for incompress-
ible homogeneous isotropic turbulence.In wall-bounded� ows, this
value yields a well-known overdissipative behavior. To avoid this,
Deardorff29 proposed to reduce the parameter Cs to 0.1. Further-
more, becauseof its wide dependenceon the large scales, this model
does not vanish in laminar shear � ows and in the near-wall regions.
In this last case, the reducedgrowthof the small scales of turbulence
requires the characteristic length-scale to be reduced accordingly.
This can be achievedby correctingthe mixing length lm =Cs D with
a van-Driest-typedamping function, as proposed by Piomelli30:

lm = Cs D
£
1 ¡ exp( ¡ z+ /a)3

¤ 1
2 (29)

where a is a constant taken equal to 25 and z+ is the distance from
the wall expressed in wall units.

The aforementioneddrawbacks of the S model can be alleviated
by developing models that depend on both the large and the small
scales. Sagaut31 (see also Ref. 32 for a review) proposed a one-
parameter (a ) family of models for which the eddy viscosity is
given by a nonlinear combination of the second invariant of the
shear stress tensor, the characteristic length scale D , and the kinetic
energy q2

c of the highest resolved frequencies:

m t = Cm j s j a
¡
q2

c

¢(1 ¡ a ) /2
D (1 + a ) (30)

This also can be viewed as a nonlinear combination of a S and a
mixing-length model. For a =0 and 1, the mixing length and S
models are retrieved, respectively.When consideringhomogeneous
isotropic turbulence, and a = 1

2
, the value retained throughout this

paper, the parameterCm =Cm ( a ) is found equal to 0.06 on the basis
of an equilibrium assumption between the dissipation and energy-
transfer rates.

Introducing a test � lter denoted with a hat ( ˆ̃u i = ũi ¡ 1 / 4 + ũi /
2 + ũ i + 1 /4) that can be interpretedas a second-orderapproximation
of either a Gaussian � lter or a top-hat � lter (see Ref. 32 or 33 for a
review), q2

c is evaluated by

q2
c = 1

2
(ũk ¡ ˆ̃uk)2 (31)

The variable q2
c is an approximate evaluation of the kinetic en-

ergy q2
sgs of the subgrid scales. This can be easily proved in the

academic case of an incompressible isotropic turbulence following
the Kolmogorovlaw E(k) = K0²2/ 3k ¡ 5/ 3 fromwave number k rang-
ing from zero to in� nity, in which K0 and ² denote the Kolmogorov
constantand the energy-dissipationrate, respectively.Assuming,for
the sake of simplicity, the grid and the test � lters to be both sharp
in the spectral space, with respective cutoff wave numbers kc and
k 0

c < kc , one has

q2
sgs =

Z 1

kc

E (k) dk =
3

2
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2
3 k

¡ 2
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= b q2

sgs (33)

with

b = (k 0
c / kc)

¡ 2
3 ¡ 1 (34)

hence b =1 and q2
c =q2

sgs for k 0
c =kc /2

p
2. With nonsharp-spectral

� lters q2
c remainsproportionalto q2

sgs, the proportionalitycoef� cient
depending on the � lters’ transfer functions. When the � ow departs
from the preceding idealized case, the dependence on q2

c of the
mixed-scale (MS) model de� ned in Eq. (30) is expected to improve
its adaptation to the local state of the � ow in such away that it
vanishes in fully resolved and near-wall regions.

B. Selective Mixed-Scale Model
A structural sensor is introduced in the preceding model to im-

prove the prediction of intermittent phenomena. Such a modi� -
cation was proposed by David11 (see also Ref. 2 for a review),
who introduced a selective function, going to zero in laminar, two-
dimensional,or fully resolved regions, to be multiplied to the eddy-
viscosity of a given SGS model. This function is based on the local
angular � uctuation of the vorticity. The � ow is identi� ed as locally
underresolved and turbulent when the local angular � uctuation of
the highest resolved frequencies is greater than a given threshold
angle h 0. Because the original functionproposedby David is discon-
tinuous, and therefore can introduce some numerical instabilities,
a continuous selection function has been proposed by Sagaut and
Troff34 (see also Ref. 32):

f h 0 ( h ) =

»
1 if h ¸ h 0

tan2n ( h / 2) / tan2n ( h 0 / 2) otherwise (35)
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where h is the angle between the local � ltered vorticity ( ˜x ) and the
local averaged � ltered vorticity ( ˆ̃x ). The value of h 0, correspond-
ing to the observed position of the peak of the density probability
function for the angular variation of the local vorticity vector in
the case of an isotropic homogeneous turbulence is 20 deg. In the
present piece of work, n is set equal to 2. The selective variant of
an eddy-viscositymodel characterizedby its m t reads

m (s)
t = m t f h 0 ( h ) (36)

C. Hybrid Models
Genuinely structural models34 are considered here: all the com-

ponents of the SGS tensor s i j are evaluated directly, without the
questionable assumption that its deviatoric part is proportional to
that of the resolved strain-rate tensor. In an incompressiblecontext,
Bardina et al.35,36 proposed the following scale similarity model:

s i j ´ ¡ ( gu i u j ¡ ũ i ũ j ) = ¡ ( d̃u i ũ j ¡ ˆ̃ui
ˆ̃u j ) = ¡ Lm

i j (37)

where the hat (ˆ¢ ) denotes a test � lter like the one introduced in
Eq. (31). A priori tests performed using DNS data37 have shown
that the scale similarity model correlates well with the SGS stress
tensor. Nevertheless, when used for a posteriori tests, this model is
underdissipative.This can be remedied by linear combination with
an eddy-viscositymodel, yielding hybrid models of the form

s i j = ¯q
£
a 0 m t Si j ¡ (1 ¡ a 0 )Lm

i j

¤
(38)

We will here restrict ourselves to a 0 =1/ 2 and considerhybrid sim-
ilarity Smagorinsky (HSS), hybrid similarity mixed scale (HSMS),
and hybrid similarity selective mixed scale (HSSMS) models, with
m t given by Eqs. (28), (30), and (36), respectively.

IV. A Priori Tests
The preceding closure and models are assessed by means of a

priori testsagainstonesnaphotof theDNS resultsofColemanet al.12

at Mach 1.5.These data are � lteredon the two gridsused for the LES
(see Sec. VI, in particular Table 4) by means of the second-order
centered � nite-difference� lter ˆ¢ used as a test � lter by the MS and
hybrid-similaritymodels.

Table 1 shows the tensor-levelcorrelation coef� cients

i j = Correl[( s i j )true, ( s i j )modeled ] (39)

with

Correl[a, b] =
h ab i ¡ h a i h b ip

( h a2 i ¡ h a i 2)( h b2 i ¡ h b i 2)
(40)

the averages h i being performed over the whole computational do-
main. (s i j )true and ( s i j )modeled denote the subgrid-scale stress tensor
evaluated a priori and its modelization, respectively.

As expected from Ref. 36, the mixed models exhibit outstanding
levels of correlationon both grids. The selection functiondecreases

Table 1 A priori correlation coef� cients at tensor level
(M0 = 1:5)

Coef� cient S HSS MS HSMS SMS HSSMS

Coarse mesh
11 0.26 0.96 0.22 0.96 ¡ 0.002 0.96
22 0.11 0.90 0.13 0.90 0.06 0.91
33 ¡ 0.02 0.89 0.002 0.89 0.03 0.90
12 0.27 0.80 0.33 0.82 0.22 0.91
13 0.16 0.91 0.18 0.90 0.12 0.92
23 0.05 0.85 0.07 0.84 0.08 0.87

Mean value 0.14 0.89 0.16 0.89 0.08 0.91

Fine mesh
11 0.55 0.98 0.50 0.98 0.09 0.98
22 0.09 0.96 0.11 0.96 0.04 0.96
33 0.006 0.95 0.03 0.95 0.02 0.95
12 0.04 0.75 0.08 0.84 0.09 0.95
13 0.16 0.93 0.18 0.94 0.07 0.96
23 0.08 0.93 0.11 0.94 0.11 0.95

Mean value 0.15 0.92 0.17 0.93 0.07 0.96

Table 2 A priori correlation coef� cients at vector level
(M0 = 1:5)

Coef� cient S HSS MS HSMS SMS HSSMS

Coarse mesh
1 0.25 0.70 0.31 0.74 0.03 0.89
2 0.03 0.84 0.11 0.84 0.12 0.86
3 0.02 0.73 0.03 0.72 0.03 0.82

Fine mesh
1 0.24 0.76 0.31 0.86 ¡ 0.03 0.95
2 0.03 0.91 0.09 0.91 0.11 0.93
3 0.02 0.87 0.05 0.89 0.09 0.92

Table 3 A priori correlation coef� cients at scalar level
(M0 = 1:5)

Coef� cient S HSS MS HSMS SMS HSSMS

Coarse mesh
0.25 0.71 0.29 0.75 0.02 0.88

(B1 + B2 ) 0.06 0.06 0.01 0.84 ¡ 0.01 0.01
B3 0.27 0.71 0.32 0.72 0.02 0.88
B4 0.44 0.78 0.52 0.75 0.12 0.95

Fine mesh
0.25 0.78 0.31 0.87 ¡ 0.04 0.95

(B1 + B2 ) 0.07 0.07 0.09 0.09 0.008 0.008
B3 0.25 0.78 0.32 0.86 ¡ 0.04 0.88
B4 0.27 0.73 0.35 0.84 0.13 0.95

the correlations given by pure eddy-viscosity models such as the
MS model. Conversely, it helps the hybrid models by decreasing
the contributionof their eddy-viscosityparts, and the largest corre-
lations are obtainedwith the hybrid similarity selectivemixed-scale
(HSSMS) model. These trends are con� rmed at vector and scalar
levels for the following coef� cients (Tables 2 and 3):
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with summation over repeated indices.
Table 3 also shows

(B1 + B2 ) = Correl

³³
{(B1 + B2)true},

»
¡

@

@x j

³
¯q m t

( c ¡ 1)Prt M2
0

@T̃

@x j

¼́ ´́
(42)

(B1 + B2)true being evaluated from Eq. (19) with, as shown, the op-
erators ¯ and ˜ corresponding to the Reynolds and Favre � ltering,
respectively, of the DNS data onto the LES grids by means of � l-
ter ˆ . All models and grids tested yield extremely poor values of

(B1 + B2 ) , which clearly indicates that the parameterizationde� ned
by Eq. (23) is not physically relevant. Furthermore, the magnitude
of term (B1 + B2)true was found to be no smaller than about half
of (B3)true, depending on the choice of the norm. (The tests were
performed with both L1 and L2 norms.)

V. Numerical Method
A. Time Integration and Space Discretization

Time integrationis performedusing the sameexplicit low-storage
third-orderRunge–Kutta schemeas in Ref. 38. This scheme is stable
for Courant–Friedrichs–Lewy (CFL) numbers up to 1.5, but we will
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keep it here lower than 1 (¼ 0.95 in practice) so that the time � ltering
because of the use of � nite time steps is masked by the space-
� ltering operation. In practice, an adaptive time stepping procedure
based on a linear stability analysis is implemented to enhance the
computationalef� ciency.

Convective terms are treated using a fourth-ordercentered � nite-
differences scheme while diffusive terms are treated using second-
ordercenteredone. In the wall-normaldirection,a Cartesiannonuni-
form grid in combination with a mapping is used to compute the
derivatives in a regular computational space. The Jacobian term is
computedwith a fourth-ordercentered� nite-differencesscheme.To
keep aliasing error as small as possible, the convective terms in the
Navier–Stokes equations are discretized in their skew-symmetric
form, as recommended by Blaisdell et al.39 and Kravchenko and
Moin.40

It was checked that the computed results are independent of the
selected CFL number. Because the space discretization is achieved
with centered nondissipative schemes, it is known that the main
sources of dissipation of resolved kinetic energy are the molecular
dissipation and the one associated with the SGS models. All of
the computations have been carried once again using a centered
second-order accurate scheme for convection (not shown here for
the sake of brevity). Comparison of the results show that fourth-
order accuracy is enough to allow SGS models to play an important
role during the computation, making the results reliable to analyze
them. A priori tests, which do not incorporate numerical error, are
also used to assess the conclusions. Lastly, grid convergence was
not investigatedbecause the present paper is dealing with LES, and
that the results are intrinsically grid dependent.

B. Forcing Term
Because of the periodic conditions used for the simulation, ho-

mogeneity must be preserved by driving the � ow with a uniform
body force f1 . Averaging the momentum equation (14) over (xy)
planes (operatordenotedhereafter h ¢ i p ), integrating the result in the
wall normal direction and using symmetry properties, one obtains
the time evolution equation for the mass � ow rate Q(t):

dQ

dt
= ¡ (2h)L y f1 ¡

2L y

Re
l (Tw )

@h u1 i p

@z

ê
ê
ê
ê ¡ h

(43)

where L y is the span of the channel. This expression does not in-
volve the SGS model, which is assumed to vanish at the walls.
An extension to compressible � ows of the algorithm proposed by
Deschamps41 is used to update the driving term at each time step:
assuming that the driving term f n

1 at time step n is known, f n + 1
1 is

given by

f n + 1
1 = f n

1 +
1

(2h)L y

£
b 1(Qn + 1 ¡ Q) + b 2(Qn ¡ Q)

¤
(44)

where Q =(2h)L z q bub is the mass � ux to be preserved, Qn =
h q u i (n D t ) its determination at time step n, and Qn + 1 a � rst-order
prediction of it at time (n + 1) D t , given by

Qn + 1 = Qn ¡ D t L y L z f n +
2L y

Re
l

@
«
un

1

¬
p

@z

ê
ê
ê
ê
ê ¡ h

(45)

A stability analysis in the incompressiblecase shows that the algo-
rithm is most ef� cient for b 1 =2 and b 2 = ¡ 0.2, values that have
been retained here.

Consistencywith the momentum equationrequiresa driving term
of the form f1 ũ1 in the energy equation. Experience shows that the
computation is stable only if one substitutes f1ũ1 with f1ub , which
has the same effect in the mean.

This algorithmhasproved to be very ef� cient in long time integra-
tion. Convergence toward Q is rapidly achieved without long-term
drift. The maximal relative error is within 0.1% for all the cases that
will be presented in this paper.

C. Boundary and Initial Conditions
Isothermal no-slip boundary conditionsare imposed at the walls:

T = Tw , uk = 0 for k = 1, 2, 3 (46)

with Tw chosen as reference temperature. The wall pressure pw is
computedas customaryby integrationof the pressurederivativethat
arises in the component normal to the wall of the momentum equa-
tion, by means of a noncentered second-order scheme for reasons
of conformity with applied codes in body-� tted coordinates. The
derivativesparallel to the wall are discretizedwith the same fourth-
order scheme as for the interior points. The density and total energy
at the wall read

q w = pw / Tw , Ew = pw / ( c ¡ 1) (47)

It is recalled that periodic conditionsare used in the streamwise and
spanwise directions.

A laminar Poiseuille � ow at uniform density and total tempera-
ture is imposed as initial condition,with white noise perturbationof
amplitude 0.1 ub for the three velocity components, the thermody-
namic variables being left unperturbed.

VI. Applications
The domain dimensions and resolutions for the four cases pre-

sentedhere are recalledin Table 4. All valuesexpressed in wall units
(denoted with a plus superscript) are estimations on the basis of the
targeted skin friction Reynolds numbers Re s that are 180 and 222
for the subsonicand the supersoniccases, respectively(correspond-
ing to the values reported in the reference data by Kim et al.14 in
the subsonic case and of Coleman et al.12 and Huang et al.13 in the
supersonic case).

The reference DNS results were obtained in a domain of length
L x =4p h, which is roughly twice the streamwise correlation
distance » 1000 wall units at the Reynolds numbers considered
( » 3000), for both Mach numbers. Indeed, it is shown in Ref. 12
that the streamwise correlation distance only increases slowly with
the Mach number. With this value of L x and the same number of
grid points mz in the direction normal to the walls as in Ref. 12, the
computational cost would have been too high to test the six SGS
models. It was therefore decided to halve L x in our calculations. In
the least favorablecase (supersonic), the streamwisecorrelationsfor
a separationdistance of 2p h do not exceed 0.1, as can be estimated
from Fig. 3 of Ref. 13.

The parameters m x , m y , m z and D +
x , D +

y , D +
z are the number

of grid points and the grid spacing for each direction expressed
in wall units. As in Refs. 12–14, our grids are uniform in planes
parallel to the walls, with stretching normal to the wall. However,
the � rst gridpoint off the wall is located at z + ¼ 1 for both our
grids (which are identical in direction z for a given Mach number).
This is larger than in Refs. 12–14, for which spectral methods are
used, requiring excessive clustering of the collocation points near
thewalls.Takingintoaccountthedifferencein L x mentionedbefore,
the overall resolutionon our coarse grid is 9 and 14 times less than
that used in Refs. 12–14.

Table 5 brie� y recalls the characteristics of the six SGS models
used for each case. Note that, whereas the S constant Cs is lowered
from 0.18 to 0.1 (see Sec. III.A), the MS model constantCm is kept

Table 4 Con� guration and mesh characteristics

Coleman Coarse Fine Kim Coarse Fine
Parameter et at.12 mesh mesh et al.14 mesh mesh

M0 1.5 1.5 1.5 0 0.5 0.5
Re 3000 3000 3000 2790 3000 3000
Re s 222 222 222 180 180 180
L x / h 4p 2p 2 p 4p 2p 2 p
L y / h 4 p /3 4p /3 4 p /3 2p 4 p /3 4 p /3
L z / h 2 2 2 2 2 2
mx 144 21 41 192 21 41
m y 80 31 61 129 31 61
m z 119 119 119 160 119 119
D +

x 19 69 35 12 57 30
D +

y 12 31 14 7 25 12
min( D +

z ) 0.1 1 1 0.05 1 1
L +

x 2790 1395 1395 2260 1130 1130
L +

y 930 930 930 754 754 754
L +

z 444 444 444 360 360 360
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Table 5 Subgrid-scale model characteristics

Short Full Selective Damping
name name Symbol Constant function function

S Smagorinsky ¢ ¢ ¢ ¢ Cs = 0.1 N Y
HSS Hybrid similarity - - - - Cs = 0.1 N Y

Smagorinsky
MS Mixed-scale –¢ – Cm = 0.06 N N
HSMS Hybrid similarity –¢ ¢ – Cm = 0.06 N N

mixed-scale
SMS Selective mixed- —— Cm = 0.06; Y N

scale h 0 = 20±

HSSMS Hybrid similarity m Cm = 0.06; Y N
selective h 0 = 20
mixed-scale

Table 6 Mean � ow variables: coarse mesh, supersonic case

Coleman
Parameter et al.12 S HSS MS HSMS SMS HSSMS

s w 12.12 11.48 12.96 10.69 11.75 11.77 13.00
Res 222 215 233 207 217 219 233
u ¤ 0.0545 0.0533 0.0555 0.0514 0.0538 0.0538 0.0558
Uc 1.17 1.19 1.16 1.19 1.17 1.16 1.16
Tc 1.378 1.368 1.428 1.370 1.378 1.376 1.416
q c 0.980 0.981 0.978 0.979 0.981 0.982 0.980
q c / q w 0.723 0.729 0.698 0.727 0.723 0.724 0.703

Table 7 Mean � ow variables: � ne mesh, supersonic case

Coleman
Parameter et al.12 S HSS MS HSMS SMS HSSMS

s w 12.12 10.60 11.79 10.94 11.15 11.37 12.25
Res 222 208 220 211 214 215 225
u ¤ 0.0545 0.0510 0.0536 0.0517 0.0522 0.0529 0.0545
Uc 1.16 1.18 1.18 1.18 1.17 1.18 1.17
Tc 1.378 1.379 1.388 1.385 1.387 1.374 1.392
q c 0.980 0.981 0.981 0.980 0.980 0.982 0.981
q c / q w 0.723 0.723 0.717 0.719 0.718 0.725 0.715

equal to its value suggested for homogeneous isotropic turbulence.
Furthermore, it is recalled that the S and HSS models (and only
these two) are helped by a damping function. The turbulent Prandtl
number Prt is 0.5 in all cases, which is the value found a priori by
Moin et al.23 at the centerline of an incompressible channel � ow
with passive scalar transport at Re » 3000.

All of the statisticspresentednext have been obtainedafter statis-
tical convergence. The corresponding sampling time is equal to at
least � ve � ow-through-time.From now on, for the sake of clarity,all
caret, bar, and tilde symbols associated with the resolved variables
are left out, and the h i operator is rede� ned as the average over
time and x – y planes at given distance to the wall j z j . This implies
averaging over both sides of the channel.

A. Supersonic Case
The quality of the recovery of Coleman et al. DNS results12,13 at

the wall and the centerline is � rst evaluated in Tables 6 and 7 for all
six SGS models considered.

The relative error on the wall shear stress s w = l (Tw )(@h u i / @z)w

ranges between ¡ 12% and +7% on the coarse grid, and between
¡ 13% and +1% on the � ne grid. The largest negative values are
obtained with the classical S and MS models without improvement
as resolution increases. The other models perform better in this
respect and this is why they are referred to as improved model.

To a lesser extent, the scatter in the skin-friction velocity
u ¤ =

p
[(1/ Req w )(@u / @z)w ] and Reynolds number Re s =

p
[q w Re-

(@h u i / @z)w ] also comes from errors on the wall density q w , which
range between ¡ 1% and +3% on the coarse grid and fall within
§1% on the � ne grid. The largest errors are positive and come from

Fig. 1 Isocontours of the instantaneous streamwise velocity compo-
nent, one of which is about z+ = 20.

the HSS and HSSMS models, especially on the coarse grid, where
these models are the only ones that overpredict s w . We have no
explanation for this counterintuitive behavior. In any case, at this
Mach number, s w , u ¤ , and Res show the same trend for a given SGS
model. The relative scatter of u ¤ is within ¡ 6% and +3% on the
coarse grid and within ¡ 7% and 0% on the � ne grid. That of Re s is
within ¡ 7% and +5% on the coarse grid and within ¡ 7% and +2%
on the � ne grid. These excursions are quite acceptable considering
the state of the art in channel � ow LES.

Because the mass-� ow rate is correct in all simulations,underpre-
diction of the wall friction yields a slight overestimationof the cen-
terline velocity. The discrepancy does not exceed 3.5%. The same
trend is observed on the centerline temperature and, to a lesser ex-
tent, on the centerlinedensity, and the ratio q c / q w is almost correct.

Figure 1 shows isocontours of the streamwise velocity � uctua-
tions on three perpendicular planes. The slice parallel to the walls
lies at z+ » 20. Highly elongated structures are observed, looking
very similar to those observed by Coleman et al.,12 and akin to the
streaks found in the incompressible case. In particular, their mean
spanwise period is the same: k + =100 wall units. The burstingpro-
cess of the low-speed streaks lifting away from the walls can also be
clearly observed. All of these trends demonstrate the overall good
behavior of the simulations and are con� rmed by the pro� les given
in Figs. 2 and 3.

The rest of this section is devoted to cross comparisons between
SGS models, with particular emphasis on the respective in� uence
of model hybridizationand the selection function. Indeed, as can be
seen from Tables 6 and 7, no clear-cut grid-independentconclusion
can be drawn. Going to higher resolutions to get asymptotic trends
would only tell about the capacities of the models at vanishing in
fully resolved DNS conditions, which is not the motiviation of the
present piece of work. Here, the motivation is to select the best
candidates for LES in applied situations,where resolutionhas to be
kept minimal. We will thereforeconsiderwith a particular attention
the models that yield the least result degradation when going from
the � ne to the coarse grid. The wall-damped S and the MS models
will be considered as classical, and their hybrid and/or selective
evolutions referred to as improved models.

Both classical models yield underprediction of the wall friction
and overestimation of the centerline velocity on both grids. The
MS model slightly bene� ts from grid re� nement, in contrast with
the S model that yields the least satisfactory results on the � ne
grid. Hybridization and selection are both found to be pro� table in
all cases. The in� uence of hybridization on the S model is worth
noticing, in particular on the coarse grid where, as said before, the
HSS model overpredictsthe wall friction, as the HSSMS model. On
the � ne grid, these two models give the best prediction of the wall
friction and the centerlinevelocity.

Let us now look at the mean velocity and temperature pro� les.
The former (Fig. 2) collapse on the reference data, except for the



1346 LENORMAND ET AL.

a)

b)

Fig. 2 Mean streamwise velocity pro� le, M0 = 1:5: a) coarse mesh and
b) � ne mesh: u , DNS12; ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ – , MS; – ¢ ¢ – , HSMS; ——,
SMS; and m , HSSMS.

classical S and MS models on the coarse grid. The latter are more
challenging,as can be seen from Fig. 3. The maximum temperature
and minimum density are located on the centerline of the channel,
the near-wallregionsbeingcooleranddenser,becauseof the isother-
mal walls. On the � ne grid, all temperature pro� les collapse on the
reference within about 2%. This is also the case on the coarse grid,
except for the models that overpredict the wall friction, namely, the
HSS and HSSMS models, for which 5% overestimationof the core
temperature and wall heat � uxes is observed.

Figure 4 shows that the eddy-viscosity represents between 8%
and 37% of the reduced molecular viscosity 1/Re =33.10 ¡ 5 on the
� ne grid, reaching between 20% and 95% on the coarse grid. This
is proof that the coarse grid really challenges the models. Before
commentingon the respectivebehaviorsof themodels,the following
points should be recalled:

1) The constant of the S model is about half the value obtained
from in� nite-isotropic-Kolmogorov-cascade arguments.

2) The eddy-viscosity of the hybrid models is half that of their
nonhybrid counterparts [( a 0 =1/ 2 in Eq. (38)].

Although the resulting turbulent � elds are different, these points
show off on the peak eddy-viscosities, with a ratio ¼ 1/2 between
the MS and the S results on the one hand, and between the S and
HSS, the MS and hybrid similarity mixed-scale (HSMS), and the
SMS and HSSMS results on the other hand. In comparison, the use
of the selection functionyields a reductionby about 2/3 of the peak
eddy-viscosity on the coarse grid, both between the MS and SMS
and betwen the HSMS and HSSMS results. On the � ne grid, this
reduction factor drops to 1/ 2 and 1/3, respectively.

a)

b)

Fig. 3 Mean temperature pro� le, M0 = 1:5: a) coarse mesh and b) � ne
mesh: u , DNS12; ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ –, MS; – ¢ ¢ – , HSMS; ——, SMS;
and m , HSSMS.

The pro� les of RMS streamwisevelocity � uctuationsnormalized
with the skin friction velocity u ¤ are shown in Fig. 5, with the dis-
tance to the wall expressed in wall units. The classical S and MS
models overpredict the peak value, especially on the coarse grid (by
up to 30%), which is typical behaviorof the state-of-the-artmodels,
as discussed in particular by Najjar and Tafti.42 The selection func-
tion reduces this trend (SMS curves) but does not suppressit. Hybri-
dization seems to be more affective in this respect, but this might be
mostly because of the factor a 0 =1/ 2 mentioned before. Combina-
tion of hybridizationand selection (HSSMS model) yields the most
satisfactorycollapseonto the referencepro� le (within about 6%) on
the coarse grid, but the HSSMS pro� le falls under it on the � ne grid.

Overpredictionof the streamwisevelocity� uctuationsis often as-
sociated to underpredictionof their wall-normal components w 0

rms ,
and this is observed by about 20% in Fig. 6. Surprisingly, the clas-
sical S and MS models give the best agreement with the reference
on the � ne grid, but they suffer more than the improved models
from grid coarsening.For w 0

rms , selection seems to work better than
hybridization.

The correlationcoef� cients of the Reynolds stresses are indepen-
dent of the Mach number (see, e.g., Ref. 12). Those for u 0 w 0 are
shown in Fig. 7. The overall agreement with the reference data are
rather satisfactory, considering the somewhat disappointing results
on w 0

rms presented. We retrive the fact that classical models behave
better on the � ne grid, which is not the case for the improved mod-
els. Here again, hybridization degrades the results on the � ne grid,
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Table 8 Mean � ow variables: coarse mesh, subsonic case

Kim Dean at
Parameter et al.14 Re = 3000 S HSS MS HSMS SMS HSSMS

s w 11.43 12.44 11.13 13.18 10.20 11.84 10.87 13.04
C f 8.44 £ 10 ¡ 3 8.29 £ 10 ¡ 3 7.42 £ 10 ¡ 3 8.79 £ 10 ¡ 3 6.80 £ 10 ¡ 3 7.89 £ 10 ¡ 3 7.24 £ 10 ¡ 3 8.70 £ 10 ¡ 3

Re s 180 193 187 203 179 192 185 202
u ¤ 6.40 £ 10 ¡ 2 6.44 £ 10 ¡ 2 5.96 £ 10 ¡ 2 6.49 £ 10 ¡ 2 5.71 £ 10 ¡ 2 6.15 £ 10 ¡ 2 5.89 £ 10 ¡ 2 6.46 £ 10 ¡ 2

Uc 1.16 1.16 1.16 1.14 1.16 1.15 1.15 1.14

a)

b)

Fig. 4 Eddy viscosity pro� les, M0 = 1:5: a) coarse mesh and b) � ne
mesh: ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ – , MS; – ¢ ¢ –, HSMS; ——, SMS; and m ,
HSSMS.

in contrastwith selection,that acts in a milder way. When combined
(HSSMS model), the hybridbehaviorusually dominates.For exam-
ple, on the � ne grid, the near-wall overshoot is less overestimated
by the HSSMS model than by its nonselectivecounterpart(HSMS),
to the detriment of the core region. At lower resolution, these oppo-
site trends can yield miraculous(but strongly resolution-dependent)
compensations.

Let us now look at the � uctuationsof the thermodynamical vari-
ables. The temperature � uctuationsnormalized with the mean tem-
perature are shown in Fig. 8. The normalized rms temperature and
density� uctuations(not shown here) display the samevalues,which
can be interpreted as a con� rmation (if this were necessary) of the
Morkovin hypothesis (in short, pressure � uctuations small with re-
spect to the density and temperature � uctuations). On the coarse
grid, all SGS models lead to an overestimationof the peak density
and temperature � uctuations in the near-wall region. The best pre-
diction of thesepeak valuesare obtainedwith the HSMS model with
a relative error of 1%. The largest discrepancieswith the reference

a)

b)

Fig. 5 Streamwise velocity � uctuations normalized by the friction ve-
locity, M0 = 1:5: a) coarse mesh and b) � ne mesh: u , DNS12; ¢ ¢ ¢ ¢ , S;
- - - -, HSS; – ¢ – , MS; – ¢ ¢ – , HSMS; ——, SMS; and m , HSSMS.

data are observed using the HSS or the HSSMS models. On the
� ne grid, the peak value is generallybetter retrieved, but departures
remain rather large away from the wall, which might partly be due
to scanning errors on our part (because the centerline derivative of
the reference pro� le does not seem to be zero).

B. Subsonic Case
Tables 8 and 9 summarize the � rst-order scalar statisticsobtained

with the different SGS models for the two grids, which differ from
those used in the former supersonic case only in the amount of
stretchingin the z direction,so that the secondand penultimatemesh
lines are located about z + =1 away from the walls in all cases. The
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Table 9 Mean � ow variables: � ne mesh, subsonic case

Kim Dean at
Parameter et al.14 Re = 3000 S HSS MS HSMS SMS HSSMS

s w 11.43 12.44 10.73 12.33 10.71 11.24 11.78 13.06
C f 8.44 £ 10 ¡ 3 8.29 £ 10 ¡ 3 7.15 £ 10 ¡ 3 8.15 £ 10 ¡ 3 7.14 £ 10 ¡ 3 7.49 £ 10 ¡ 3 7.85 £ 10 ¡ 3 8.71 £ 10 ¡ 3

Re s 180 193 183 196 183 188 192 202
u ¤ 6.40 £ 10 ¡ 2 6.44 £ 10 ¡ 2 5.85 £ 10 ¡ 2 6.25 £ 10 ¡ 2 5.85 £ 10 ¡ 2 5.99 £ 10 ¡ 2 6.13 £ 10 ¡ 2 6.45 £ 10 ¡ 2

Uc 1.16 1.16 1.17 1.16 1.15 1.16 1.16 1.17

a)

b)

Fig. 6 Wall-normalvelocity � uctuations, M0 = 1:5: a) coarse mesh and
b) � ne mesh: u , DNS12; ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ – , MS; – ¢ ¢ – , HSMS; ——,
SMS; and m , HSSMS.

same quantities as in Tables 6 and 7 are reported here in addition to
the skin friction coef� cient C f =(2/ Re) s w .

We are unaware of the existence of reliable reference data at
M0 =0.5 and Re =3000. Our turbulent pro� les will therefore be
compared to the incompressible DNS of Kim et al.14 and experi-
ments of Niederschulte et al.,15 for which Re =2790. For the inter-
pretation of the quantities in Tables 8 and 9, we � nd it more relevant
to make use of the Dean correlations

Uc = 1.28(2Re) ¡ 0.0116, C f = 0.073(2Re) ¡ 0.25 (48)

at Re =3000, which appear in the second column of these tables.
As expected from the small value of the exponent in Eq. (48), the
centerline velocity Uc depends only weakly on the bulk Reynolds

a)

b)

Fig. 7 Correlation coef� cients of the Reynolds stress, M0 = 1:5: a)
coarse mesh and b) � ne mesh: u , DNS12; ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ –, MS;
– ¢ ¢ – , HSMS; ——, SMS; and m , HSSMS.

number, and this is probably why it is so well retrieved by all of the
SGS models under investigation (up to 2% and 1% on the coarse
and � ne grids, respectively).

The overall relative scatter of s w is [ ¡ 18%, +5%] on the coarse
grid and [ ¡ 14%, +5%] on the � ne grid. That of C f , Re s , and u ¤ are
[ ¡ 13%, +6%], [ ¡ 7%, +5%], and [ ¡ 11%, +3%] on the coarse grid
and [ ¡ 14%, ¡ 2%], [ ¡ 5%, +5%], and [ ¡ 10%, +0.2%] on the � ne
grid, respectively. The width of these error bars and the behavior
of the different models are about the same as in the supersonic
case: drag is generally underestimated, except with models HSS
and HSSMS. Note that, on the � ne grid, s w (hence C f ) and u ¤ are
slightly underpredicted,whereas Re s is overpredictedbecause of a
slightly excessive q w .

Detailed comparisons analogous to those in the preceding sec-
tion have been repeated against the different pro� les available in
Refs. 14 and 15, yielding globally the same conclusions for all of
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a)

b)

Fig. 8 RMS temperature � uctuations normalized with the mean
temperature pro� le, M0 = 1:5: a) coarse mesh and b) � ne mesh: u ,
DNS12; ¢ ¢ ¢ ¢ , S; - - - -, HSS; – ¢ – , MS; – ¢ ¢ – , HSMS; ——, SMS; and m ,
HSSMS.

the statistics considered. In particular, the correlation coef� cient
pro� les ¡ h u 0 w 0 i /u 0 w 0 (not shown here for want of room) almost
superpose with their counterparts at M0 =1.5 (Fig. 7), which im-
plies that their Mach number independenceis respected by the LES
formalism and models considered here.

VII. Conclusions
Large-eddy simulations of wall-bounded compressible � ows are

performedon a periodicisothermal-wallchannelcon� guration.The
convective terms are discretized in their skew-symmetric form us-
ing a fourth-order� nite-differencesscheme,whereas the dissipative
terms are discretized by means of a second-order scheme. An orig-
inal algorithm is proposed for the computation of the forcing term,
keeping the � ow rate constant within less than 0.1%. Two cases,
a supersonic one (M0 =1.5) and a subsonic one (M0 =0.5), are
considered, with comparison of experimental and DNS results.

With the closure of the equations proposed by Vreman et al., six
subgrid-scalemodels are testedon two differentgrids for each Mach
number to clarify the respective in� uence of the parameterization
and the resolution. Two of the SGS models are based on the S
model, whereas the four others are based on a newly proposed MS
model, which estimates the subgrid-scale kinetic energy by means
of a test � lter and scale-similarity arguments. Linear hybridization
with a Bardina-type model is also considered, together with the
use of a selection function to improve the predictionof intermittent
phenomena and alleviate the use of ad hoc damping functions.

A priori tests of the closure and models, performed against the
DNS data of Coleman et al.12 at M0 =1.5, promote the hybrid mod-
els as expected. The selection function is found to decrease the

correlationsgiven by pure eddy-viscositymodels but yields the op-
posite effect in the case of hybrid models, by decreasing the contri-
bution of their eddy-viscosity parts. The highest correlation levels
(about 0.9 and more) are obtained with the HSSMS model. The
eddy-diffusivity closure of the sum of the pressure-velocity and
pressure-dilatation terms (B1 + B2 ), as proposed by Vreman et al.
for free-shear� ows, yieldsextremelypoorcorrelationsin thepresent
case, independentlyof the SGS models and grids used.

Detailed comparisonsare made with experimentaland DNS data
at comparableReynoldsnumbers.The overall agreementwith these
references remains within 20% in all cases, even on the coarse
grids for which the average eddy-viscosity is of the same order as
the molecular viscosity, the local instantaneousvalues being much
larger, especially those produced by the selective models.

Generally speaking, the MS model gives better results than the
wall-damped S model, although it is not helped by ad hoc reduc-
tion of its constant. Both are referred to as classical models and
underpredictthe wall friction, which is found to be the main source
of errors. Their hybrid and/or selective counterparts perform bet-
ter in this respect and deserve being called improved models. The
hybridized models (selective or not) can nevertheless yield slight
overprediction of the wall friction and the centerline temperature
in the supersonic case, especially on coarse grids. In contrast, the
SMS model does not exhibit this trend and is less sensitive to grid
resolution.

The overall agreementwith respect to the experimental and DNS
references is about the same for both Mach numbers. This indicates
that the lack of theoretical justi� cation of some of the approxima-
tions involved in the closure of the energy equation (term B1 + B2,
mostly) and the subsequentcounterperformancein a priori tests are
not the main source of errors a posteriori. Furthermore, the LES
predictions of the quantities reported as independent of the Mach
number, e.g., the correlation coef� cient of the Reynolds stresses,
are found to be so, and the streaky longitudinalstructureof the � ow
is retrieved for both Mach numbers, with average spanwise spacing
of about 100 wall units.
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22Härtel, C., and Kleiser, L., “Analysis and Modelling of Subgrid-Scale
Motions in Near-Wall Turbulence,” Journal of Fluid Mechanics, Vol. 356,
1998, pp. 327–352.

23Moin, P., Squires, K., Cabot, W., and Lee, S., “A Dynamic Subgrid-
Scale Model for Compressible Turbulence and Scalar Transport,” Physics of
Fluids A, Vol. 3, No. 11, 1991, pp. 2746–2757.

24Cote, E., Godeferd, F., and Cambon, C., “Effets Structurels de la Com-
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